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A process is considered in which the inputs to the system are stationary random ergodic func-
tions. From the spectral densities of the inputs and cross-spectral densities of inputs and outputs
a local linearized model of the process is obtained through the transfer function. There results
then a maximum problem involving an objective function and constraints imposed by the model
and the physical and arbitrary restraining conditions. Two special cases are solved in detail in
which the maximum problem reduces to a linear programing problem. Other methods are needed

for the general problem.

The optimum operation of a process
has always been a problem of great
interest. The introduction of high speed
digital computers has brought these
problems even more to the forefront
allowing the use of methods that were
heretofore impossible from a computa-
tional standpoint. While the complete
operation of a large-scale process by a
computer system still lies in the future,
partial operation has been achieved.

Computers handle the direct opti-
mization of processes in several ways.

Equation solving: The computer
solves a mathematical model of the
process to find the set of operating
conditions that satisfy certain optimum
operating criteria.

Peak searching: The computer seeks
the optimum operating conditions by
trial and error but does not need to
develop a detailed mathematical model
of the process.

Equation seeking: The computer cor-
relates process data and develops a
mathematical model of the process
which is then used to improve the
operation of the process.

Equation solving relies heavily on
the existence of a detailed mathemati-
cal description of the process, and for
some processes this description does
not exist. For other processes the gen-
eral model is known, but the param-
eters involved in the model are un-
known and probably will remain so for
some time. In many other cases the
detailed model is far too complicated
for present computers. The peak-
searching method is practical for pro-
cesses with only a few operating
variables and does not lead to a useful
description of the process. Equation
seeking leads to a restricted mathe-
matical mode! for the process, as in the
so-called “evolutionary operation” dis-
cussed by Box and Wilson (3).

The present work is concerned with
the last category, equation seeking and
evolutionary operation. The general
aim is the development of a method
which will use a computer system to
analyze the operating data from a pro-
cess, gaining enough information to
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improve the process performance. The
method developed here is called itera-
tive optimization and is best suited for
the optimization of continuous pro-
cesses. The method obtains information
from the normal stationary operation
of the process and not primarily from a
group of steady state experiments as is
the case with most of the evolutionary
operation methods now in use.

Two examples are included showing
how this method can be applied. In
these examples a computer system as-
sumes control of simulated chemical
processes with the aim of improving
their performance. These examples
show how the iterative optimization
method can be used in practice as well
as some of the difliculties that would
be encountered.

THEORY

Consider the optimization of a gen-
eral process with many inputs and
outputs. An input is defined as any
quantity of interest that has an effect
on the process and is controllable. The
inputs are generally the control vari-
ables of the process, such as steam
pressures, concentrations, etc., while
output is defined as any quantity of
interest that is completely determined
by the values of the input variables
and the nature of the process. The
outputs are usually associated with the
properties of the final products and the
general operating level of the process.
An output could be for example the
yield of a certain product or the oper-
ating temperature of a reactor.

It is convenient to think of the
process as a mathematical operator M
which operates on the set of inputs
{x.} to yield the set of outputs {y.}.
This orientation of thought is in no
way limiting, since nothing has been
said about the exact nature of the
operator. For most problems the opera-
tor M cannot be constructed, but its
inverse L may be constructed from the
material and energy balances, the
kinetic relations, and the equilibrium
laws related to the physical and chemi-
cal transformations occurring in the
process. For an even larger class of
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problems construction of the operator
L is not feasible. Note that the opera-
tor L is generally multidimensional and
highly nonlinear. The equations are
usually differential equations, impos-
sible of direct solution, with unknown
parameters. It is this latter class of
problems that is of interest here.

The process is represented symboli-
cally by Equation (1):

M[{x(®)}1={y. ()} (1)

This equation is read. The opera-
tor M operates on the set of input
variables {x.(#)} to yield the set of
output variables {y.(¢)}. The func-
tional notation (¢) indicates time de-
pendence where the time dependence
in this paper is caused by random
fluctuations in the inputs.

The process has an objective or profit
function associated with its operation.
This function includes all the import-
ant variables related to the operation
of the process, such as the costs of the
raw materials, processing  costs, the
value of the products, etc. In its most
general form the profit function is

P=P[{x}, {y.},R] (2)

and depends on the input and output
variables as well as the current market
conditions designated by R.

In general not all operating levels of
the process are allowed, since physical
constraints are quite often imposed to
eliminate hazards or to conform with
certain standards of operation. For ex-
ample temperatures and pressures
must not be so high as to damage the
processing equipment. Limits of this
type are called constraints and are
represented by

(3)

C.’ ( {xi}? {yi} ) <0

where C; is the symbolic notation for
the {** kind of constraint.

With the system so defined the gen-
eral optimization goal can be stated in
detail. Locate the set of operating con-
ditions (the set of input variables
{x,} ) which for given market condi-
tions maximizes the profit function and
also satisfies the physical constraints.
In symbolic form

Max P [ {x:}, {y:}, R ]

{xi}

subject to Equations (1) and (3).

A general solution of Equations (),
(3), and (4) is not possible, so special
cases of interest must be considered.

Interest here is limited to the devel-
opment of methods which extract from

(4)
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the steady operating data enough in-
formation to construct a locally valid
estimate of the process operator M, to
use this estimate to solve the maximum
problem, and to sequence these opera-
tions to improve the performance of
the process.

THE PROCESS OPERATOR

With the iterative optimization
method it is necessary to estimate the
process operator by analyzing the pro-
cess operating data. The method of
extracting information from the dy-
namic operating data is now presented.
The term “dynamic” is here used in
the sense of random fluctuations on a
steady state and does not imply the
use of a true transient state.

Considerable work has been done on
techniques to obtain from the operat-
ing data of a process certain funda-
mental characteristics of the process.
Most of the work has been centered
about the problem of obtaining the
local dynamic behavior of the process
for purposes of control-system design.
Homan and Tierney (5) applied these
techniques to chemical reactor systems.
As will be shown the iterative optimi-
zation method uses only information
about the local steady states of the
process rather than transient informa-
tion. This is a simpler, but by no
means a simple, problem computa-
tionally.

One should take advantage of the
apparently random changes which oc-
cur in the dynamic operation of a
chemical process to gain information
about the process and to use this in-
formation to improve its performance.
To achieve this it is necessary to in-
vestigate the nature of random disturb-
ances and to study the response of
linear systems to such disturbances.
From this analysis will come the basic
ideas for the development of the itera-
tive optimization method.

It is convenient to consider the input
variables as composed of two terms,
one time dependent and one constant.
The time-dependent term corresponds
to the normal random variations of a
variable about its mean value. The out-
put variables are a direct result of the
response of the process to these time
dependent input variables. The out-
puts then consist of a constant term
plus a random time-dependent term.

The nature and the characterization
of random time series type of varia-
tions is considered in detail by Laning
and Battin (6). Consider a typical
variable

x(t) = x¥ + r(t)

consisting of a steady state or constant
term and a random time-dependent
term. Let r.(t), r.(¢t) ...and ry(t) be
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measurements of the time-dependent
term over a period of time under iden-
tical operating conditions. Since r{t)
is random in nature, these measure-
ments will not coincide; they may be
thought of as samples from an ensem-
ble of variations of r(¢).

With each member of that ensemble
one may associate a new function
k..(t) formed by the time translation
of r.(t):

ki (t) =r.(t—7)

If the statistical properties of the
time-translated functions are identical
to those of the original functions, the
functions are said to be stationary. It
is necessary to assume here that over
the period of time the computer is
gathering information from the process
the time-dependent terms of the input
variables are stationary time series.
This assumption is valid for a large
number of continuous processes.

Statistical properties of random
functions are stated in terms of an
ensemble of functions. This is incon-
venient, and hence the ergodic hypo-
thesis is assumed to be valid. This
property allows the equating of the
time average of any property of a
member of the ensemble to the en-
semble average of that property. Pre-
cise conditions can be stated for a
process to be ergodic; however in
practice it is usually impossible to
verify that these conditions are satis-
fied. In order not to be lost in the mire
of complete generality the time-de-
pendent terms will henceforth be as-
sumed as stationary, ergodic, random
time series with mean zero. While
there are no data on chemical processes
of the kind desired here in the litera-
ture, the ergodic assumption is usually
taken as true.

It is now possible to define quanti-
tative measures of the statistical nature
of these disturbances. The mean value
of a variable is

X¥ :%irg% Ji:x(t) di = E [x(t)]
(5)

The correlation function between
two variables is defined as
1 T
by (5) = zI"_IS.} oT LX)y (t+s)de =

E [x(t) y(t+s)] (6)

where
x=x(t) —x"andy = y(t) — y"

If x and y are the same, ¢., is called
the autocorrelation function, otherwise
it is called the cross-correlation func-
tion.

It is also convenient to introduce the
spectral densities. A spectral density
is the Fourier transform of a correla-
tion function:
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bu() = | bu(s) v ds (7)

These functions are sufficient to
characterize the nature of the random
disturbances and as shall be seen later
to describe the response of linear sys-
tems to such disturbances.

The dynamic nature of linear systems
may be characterized by two alternate
methods: the impulse response method
and the frequency response method. A
stable nonlinear process can be repre-
sented in the small by a linear system.

The impulse response method states
that the m inputs and n outputs of a
physically realizable linear system are
related by a convolution integral. That
18

Yo =S w@) Ri—-e & (@)

where

G
Y= | ¥ X= |
;m ;n

are output and input vectors, respec-

tively, and w(€) is a matrix of impulse
response or weighting functions. The

mairix w(§) completely characterizes
the dynamic nature of the linear sys-
tem and has the property
w(€) =0, £<0

for any stable physically realizable
system.

The Fourier transform of the im-
pulse response matrix is called the

transfer function matrix G(w):

Gw) = f o) er=de (9)

Suppose in a linear system the in-
puts are constants, that is steady state

values, then X = X* and

v-J wwax

On the other hand the integral ap-
pearing in this equation is the Fourier

transform of w(£) at zero argument,
50 Y¥ =G(0) X¥
For a linear process

Y —YY = G(0) [X¥—X¥] (10)
where N and N+1 indicate two steady
state values.

Let the vector X represent the varia-

tions about the steady state X”. It will
be supposed that these variations are
the result of a stationary random
ergodic process. Then the outputs from
the linear process will have the same

properties and be given by

v = §_wie) Xte-o) e
Let this equation be post multiplied
by the X" (¢t—s), where the superscript
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indicates the taking of the transpose.
Ihen_
Y(t) X7 (t—s) =

L w(®) X(t=¢) X (1—s) d
and application of the operator E gives
E [Y(t) X"(t=9)] = ¢u(s)

If the order of integration may be re-
versed, it follows that

Gu(s) = f w(E) (=) dE (11)

where 4,,(s) is the correlation matrix

between inputs and outputs and ¢,.(s)
is the correlation matrix of inputs. The
latter is diagonal if there is no input
coupling.

The Fourier transform of the corre-
lation matrix is known as the spectral
density matrix, and since Equation
(11) is a convolution integral, it fol-
lows that

0oy (w) = G(w) b..(w) (12)
giving a relation between the spectral
density of the inputs, the cross-spectral
densities, and the transfer function of
the process. In particular at zero argu-
ment

G(0) = 0,(0)6,.(0)  (18)

This equation is the key to the analysis
in this paper. If one assumes that the
random fluctuations are generated by
a stationary random ergodic process,
the spectral and cross-spectral densities
obtained from the process enable one

to determine the matrix G(0) which
will give the relationship Equation
(10)  between neighboring steady
states. Thus use is made of the natural
noise in the inputs themselves to char-
acterize the system, and the system
need not be upset in order to obtain a
linear mathematical model of the sys-
tem.

THE ITERATIVE MAXIMUM
PROBLEM

The replacement of the process
operator M by a locally valid linear
model permitted the estimation of the
local process steady state characteristics
from an analysis of the operating data.
This model is obtained from the analy-
sis of process data for its operation
about the N* steady state and hence
is valid only in the neighborhood of
the N*™ steady state. This local validity
can be expressed by a constraint on
X" where X¥* is the input vector of
any neighboring steady state condition:

X' —B=X""=X"+8 (14)
where B expresses the range of validity
of Equation (10) about the operating
condition X*. The vector 8 controls the
rate of convergence and the degree of
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cycling of the iterative optimization
method and will actually vary during
the optimization as will be shown later.

From the operating data about the
N steady state it is possible to con-
struct a locally valid linear model of
the process with Equations (13) and
(10). The vector X** must now be
chosen so that the N+1° steady state
more nearly optimizes the process.
This vector is obtained by solving the
maximum problem stated in Equations

(1), (3), and (4):

Max P[X* Y™ R]
j{l\ul
YF = YN + GN(O) (vXN+1 __KN)
. ) _ (13)
X¥ _Eé XN+1 = xX¥ + B

C, (KNH, Y-zvn) <0

The solution of Equations (15)
yields the improved set of operating
conditions consistent with the operat-
ing criteria,

The general problem given by Equa-
tion (15) will not be considered, since
the methods of solution are not readily
available. It should be recognized that
this is a nonlinear programing problem.
Problems of this type are receiving at-
tention (7) at the moment, but general
methods of broad applicability have
not been developed. A special case will
be solved in which the physical con-
straints and the objective function are
linear. In this instance the methods of
linear programing may be applied.

Consider the case where the profit
function and the constraints C, are
linear. That is

P :;T yrs __—ET X]v-n
The physical constraints C, are of the
form L
—(7,, = X¥s éﬁn
o - (16)
wﬁ = YN+1 = wit
These constraints limit the operation
of the process to a certain region and
represent the physical limits imposed
on the process. The profit function is,
by use of Equation (10)
P =pTIY" 4 Gy (0) (X"~ X")] —
cf X :[pr EN(O) ___Z,T]Xz\m + f(XN)
The constraints on the input vari-
ables Equations (16) and (14) can

be combined into one constraint. The
constraints

b)_(i\?__ﬁ_éYNﬂ é?\f + E
and
(7 éwxm.:t é“(j}a
%

are equivalent to the one constraint
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S = x¥e éhsﬁﬂr
*
if the vector 78“ is constructed by se-

lecting for its ™" element the greater
of the i"" elements of the vectors U,

and X¥ — B and the vector S$* is con-
structed by selecting for its i** element
the lesser of the i elements of the
vectors U* and XV 4 B.

The constraint on the output vari-
able Y** is by Equations (16) and
(10)

w, —Y" 4 Gy(0) X¥ = Gy(0) X** =

W — Y + Gy (0) XY
Combining all these into the maxi-
mum problem one gets

Max [p” Gy(0) — ¢'T X™ + f(X¥)
X¥a
- (17)
subject to S = X" = §*

W, —Y" + Ga(0) X* = Gy (0) X1 =

w*—Y" 4+ Gy(0) X¥

Equation (17) is a linear program-
ing problem, the solution of which can
be obtained by any of the standard
methods of linear programing. The
iterative formulation and solution of
Equations (17) comprise the compu-
tational sequence of the iterative opti-
mization method. In summary, the
computer system must

1. Collect data from the process oper-
ating about the N steady state.

9. Correlate these data [Equation
(13)] form the maximum problem
[Equation (17)] and solve for the best
N+1° steady state.

3. Change the process to this more
nearly optimum steady state and re-
turn to 1.

There are several points which need
clarification before this iterative opti-
mization method can be applied to
actual processes. The exact role of th_e
vector 8 must be discussed further. 8
controls the maximum step that can be
made during any given optimization
iteration. The most desirable step size
depends on the exact nature of the
process under considerationMand jts
present operating level. If 8 is too
large, the true optimum for the process

may be bypassed, while if B is too
small, it will take an unduly large
number of iterations to achieve the
optimum conditions. It seems desirable

to choose a relatively large B until the
optimum conditions are approached,
then smaller values for fine converg-
ence to the optimum conditions. If a
limit cycle is obtained about the opti-
mum conditions (observed by cycling

steady state iterations}, 8 should be
reduced.

September, 1961



A question which arises is whether
one can determine by a least squares,
or regression, technique the relation-
ship between inputs and outputs. That
is is it possible to determine the con-
stants in a linear model, like Equation
(10), by correlating inputs and out-
puts for a system with input noise
only. The analysis will not be pre-
sented here, but it may be shown that
this is not the case.

APPLICATIONS

Although the most desirable appli-
cation would be to an actual chemical
processing plant, the iterative optimi-
zation method will be applied to simu-
lated chemical processing plants.

The first process has been analyzed
in detail by Aris (I) in connection
with his work on dynamic programing
and is the chemical reaction A=B oc-
curring in a series of two stirred tank
reactors each of unit holding time and
will be considered here to show that
the same result obtains. The rates of
the forward and backward reactions
are

12,000
r,=Aexp | 19—

25,000
r, = Bexp | 41 — T

It is desired to locate the tempera-
tures T, and T, in the first and second
reactors such that the production of
the valuable product B is a maximum.
The temperatures must lie in the range
550° = T = 650°R. During the opera-
tion of the process random changes
occur in the reaction medium tempera-
tures. It is assumed that these changes
occur by a combination of phenomena
too complicated to resolve, though it
is possible to adjust the mean tempera-
tures in any reactor to any desired
value by means of a heat exchange
system. Temperature measuring instru-
ments are placed in each reactor, and
a device is attached to the exit feed
stream to measure continuously the con-
centration of B. These measurements
are fed directly to the optimization
computer. It is the task of the com-
puter to analyze the random tempera-
ture and concentration data, gaining
enough information to adjust properly
the mean temperature in each reactor
to achieve the maximum yield of B
from the reactor series.

The second process is far more com-
plicated and more nearly represents
the type of problem that is encountered
in industry. This process is the reaction
system

A+B=C
A+C-»D

occurring in a heated stirred tank re-
actor. These reactions are temperature
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dependent and have heats of reaction.
The reaction rates and heat effects are
I1.A4+B->C;rn=A" Bexp

25,000 AH,
[ 32,93 — ] 5 = 320
Crpt
2.C> A+ B;rn=Cexp
22,300
26.4 — ; AH, = — AH,
T
3.A+C>D;rn=A" Cexp
23,000 AH,
29.15 — ; —— = — 200
Crpy

The heating of the reactor is achieved
by a heat exchanger. Random disturb-
ances occur in the feed concentrations
A, and B, and the flow rate of the heat
exchange medium g,. The reaction
products are valuable, and the reac-
tant materials are costly. Their rela-
tive worth is given below.

Species  Profit  Species Cost
A=y, 05 A =x 10
B=y, 05 B,=x 1.0
C=y. 10.0 g.=% 0.0
D=y, 5.0

The variables A,, B,, and g, are con-
strained to the range (0.6, 1.4), and
the concentration of product D must
always be less than 0.4.

The variations of the input variables
and the output variables are measured
continually and fed to the optimization
computer. The computer correlates
these variations and adjusts the opera-
tion of the process so that the total
profit will be a maximum subject to
the constraints. The simulation is
achieved by the continuous numerical
integration of the ordinary differential
equations which describe the dynamic
performance of the process. This con-
tinuous numerical integration is per-
formed on a high speed digital compu-
ter. The stirred tank process was chosen
because of the relative simplicity of the
differential equations.

The differential equations which de-
scribe the dynamic performance of a
process are round by use of transient
energy and mass conservation laws.
Material balances over each of the
chemical species on each of the reac-
tors for the first process yield
A A A L k(T + Bk(T
dt 9 1 f( 1) + B, b( 1)
dB, B,

_B,
—_— =+ Ak/(T,) — Bk (T,
it 2 + (T2) (T,)

dA, A —A

S L LT AK(TY) + Bk (T,
7 p (T3) + Boko(Ts)

— B,
— = —— + Ak (T:) — B:ks(T
% T Ak ) (T:)
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12,00
kr(T@) :exp[lg_ = O]
and '
25,0
ko (T.) =exP[41—— > OO]

i

These equations are subject to the
conditions that A, = 1, B, == 0, and
the temperatures T, and T, vary ran-
domly with time.

The second process is more elabo-
rate. The transient mass balances yield

dA  A,—A

E 7 —A-Bexp
25,000
[ 32.93 — ] — ACexp
[ 29.15 — 23,000 ]
T
22,300
C exp [26.4 -7 ]
dB . B,—B c
FTa P + C exp
22,300
26.4 — — AB exp
[ 25,000 ]
32.93 —

T
dac c,—C + AB
—_——=——— ex
dt 4 P

25,000
32.93 — — Cexp
22.300
[26.4 — 2,3 ]——
T
23,000
AC exp [29.15 — T
dD . D,—D
dt 6
23,000
AC exp [29.15 ——7

The transient energy balance over the
reactor-heat exchanger system yields

dr T.—T haA
a_L-t Moy

VpiCt
[ hA ] 1
1— —
2qcchpc Cospr

[ AB exp

25,000
T

[32.93 — ] (AH,) + AC exp

23,000

] (AH,) + C exp

[ 26.4 — 22’;00 ] (AH,) ]

hA
UprCr
hA

pCo

[29.15 -

where

= (0.223 sec.™

= 0.1115 cu. ft. sec.™
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8 = 200 sec.
T, = 520°R.
T, = 750°R.
C.=0
D,=0

These equations are subject to the
conditions that A,, B,, and g, vary
randomly with time. The continuous
numerical integration and random
modification of these simultaneous
equations simulate the second process.

These ordinary simultaneous differ-
ential equations which describe both
processes are integrated numerically
with a four-point Runge-Kutta-Gill
subroutine, chosen because it is readily
available in coded form. A detailed
analytical analysis of the integration
error is not practical, so this analysis
was performed experimentally. In the
first process the integration was per-
formed with ever decreasing integra-
tion increment until a steady state was
reached in which the sum of the reac-
tant concentration was equal to one
to within six significant figures in both
reactors. This integration increment,
0.01 4, was then used in the remaining
calculations. In the second process the
integration was performed with ever
decreasing increment until the solution
was invariant to further changes. This
increment was 0.01 4.

The random modification in the in-
put parameters which simulate the
disturbances that occur in practice is
achieved by a random number gener-
ating subroutine. The variations are in
the form of random step functions
about the mean values. A random
number was generated by the subrou-
tine from a population of mean zero,
normal distribution, and fixed variance;
this number was scaled and added to
the mean value of the parameter to
form the random step functions. Ran-
dom modification of the coefficients of
the differential equations during the
course of the numerical integration are
made. In the first process both tem-
peratures were varied every 0.05 4,
with a variance of 1 deg. The second
process inputs were varied every 0.05
¢ with a variance equal to approxi-
mately 10% of the current value of
that input.

With the processes so simulated the
computer was programed according to
the iterative optimization method to
take control of the processes in order
to improve the performance. The com-
puter was programed to sample the
process variables, correlate the data,
solve the maxima problem, and modify
the processes according to their opti-
mum operating criteria. The stirred
tank reactor because of its large capac-
ity serves as an excellent filter for the
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noise. The output variations due to in-
put noise are almost imperceptible, but
the small variations were sufficient for
the estimations.

THE OPTIMIZATION OF PROCESS |

The computer in the first example
observes the operation of the process
and selects the mean values of the tem-
peratures in the first and second vessel
so that the production of the reaction
product B is a maximum. The theo-
retical development of the iterative
optimization method is now applied to
this example.

The data sampled from the process
during its operation about the N*
steady state must be analyzed to give
the information necessary to select the
best N+1° steady state. Let the vari-
ables B,(t), T.(t), and T.(¢) be de-
noted by y,(t), x.(¢), and x.{t). The
superscript N or N+1 denotes the
mean value of a variable.

The steady states of the process are
related by the matrix Equation (10)
where

Y = [y:]
and
_ Y
XN = {xgx}
E‘v (O) = ?zy(0> im_l(o)
where
o6 _
iw 0 - 11 et
o =1 "
and

9.,(0) = [0 _#6

¥y Eg¥)

[The functional notation (0) is drop-
ped from here on for simplicity.] Hence

9;1:;071 -

o —0_)

@pry wry

—6_._ 8 J

An interesting simplification occurs
if the input variables are entirely in-

dependent. In thatcase §__ =8__ =0
and " o
1
—_ 0
g__
iz-" - o
1
o —_—
A

Ty

Therefore in this case

Gr(0) = 6 4

2L TyTy
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Fig. 1. The response surface for process | and
the optimization path.

The input variables in this example
are considered as independent.

The physical constraint vectors are
[Equation (16)]

— [ 550 ] 4T [ 650 ]
Uﬁ = 550 an = 650

The vectors w* and w, do not enter in

this example, since there are no con-
straints on the outputs.

The vector g which limits the range
of validity of the linear model is

_ Ax,
(o)
Ax,
where Ax, and Ax, are the maximum
allowable steps away from the mean
values x,” and x." during optimization.
Hence the vectors S are defined as
. Max (550, x," — Ax,) ]
S, = {Max (550, x,¥ — Ax,)

5o Min (650, x." + Ax,) ]
T | Min (630, x." + Ax.)

The maximum problem as given by

Equation (17) is

Max [y, — Gy (0) X + f(X*)]
XN -
subject to §§ = X¥" = §*,

The solution to this maximum prob-
lem is particularly simple. The maxi-
mum of the linear objective function
lies on an extreme point of the set of
constraints. Hence it must be a vector
whose elements are composed of eka-

ments selected from the vectors Sv

and S§¥. Tt must be those elements
which make the objective function a
maximum. The solution must be

N1
X =

0'“/1

Max (550, x," — Ax.), if 7

<0

¥

92“/1

Min (650, x,* + Ax;), if;— >0

FiEq
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At this stage it has been shown that
the computer can select, by a simple
choice, the best input variable vector
X" from information on the signs of
the spectral density combinations

0 z1v1 0121!1

and
g g

1% Fo¥y

The values of these spectral densities
are obtained from the statistical analy-
sis of the process operating data about
the N'" steady state, and the numerical
evaluation follows directly from Equa-
tion (18). Hence

250 1,028-k

9;&; 2 2 % (Iat) y, ((1+k) at)

32 1,028-k

2 EL(ZM)E((Hk)At)

k=o i=o

Fi®y

where %, = x,(¢) —x" and y. =
y.(t) —y.~.

The data used in forming these finite
sum approximations to the spectral
density ratios were obtained by sam-
pling the process variables every 0.01 ¢
intervals for a total elapsed time of ap-
proximately 10 holding times. The best
N+41% steady state conditions were
then obtained by the methods described
above.

The process was run at the first
steady state condition Ty = T,' = 550
deg. for approximately 10 holding
times with the optimization computer
sampling the data. The data were then
correlated, and the best second steady
state was obtained. The process was
then changed to this steady state, and
7.5 holding times were allowed for the
transients to die out. The process was
then sampled to obtain data for the
determination of the best third steady
state and so on.

In the first trial run the vector 8 was
held constant at ET = (75°, 75°F.).
This resulted in a bypassing of the true
optimum conditions. In the second trial
the vector 8 was varied during the op-
timization. At the beginning of the op-
timization 8," = (20°, 20°), and when-
ever a temperature reversal was sug-
gested by the computer the elements
of B were halved. This pattern resulted
in the proper convergence of the itera-
tive optimization method to the true
optimum. In the third trial the vector
B = (1.0, 1.0), and this takes an un-
duly large number of iterations to
achieve the optimum conditions.

The results of these optimization
runs are shown in Figures 1 and 2.
Figure 1 shows the path of optimiza-
tion on the process response surface
for the B. pattern; Figure 2 compares

the convergence for the various 8 pat-
terns.
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THE OPTIMIZATION OF PROCESS 11

Process II more nearly represents
the type of optimization problem that
is encountered in industry. As described
before the optimization computer must
extract enough information from the
operation of this process to select the
mean values of A,, B,, and q. so that
the total profit from the process is a
maximum.

The theoretical developments of the
iterative optimization method are now
applied - to this task. Label the vari-
ables as follows:

y1=A x1=A,,
yzzB xz=Bn
thh=C %= (.
yo=D

The superscripts N and N4-1 denote
the mean values of the variables. The

vectors X and Y are

y

x
Y = I and X = z

The steady states for this process
are related by Equation (10) where

Gy (0) = 8,,(0) 6,.(0)

and where
94’171 011112 Bz1vs
- _ | Ozn Owsee Ooows
0“/ ( 0) - 0—’0371 9331/2 91‘373
9141/1 014?‘2 014!/3

and

— 0zlz1 0::1::2 011.1‘3
04,-@ ( 0) = 022.'01 0::2:::2 0@213
02:311 0::3@2 Ozzes

[The functional notation (0) has been
dropped for convenience.]

In the case where the input vari-
ables are independent, fox; = 0 i 5 §,

MAXIMUM

MEAN CONCENTRATION

650

- r==" ==

i
¥ e00— T,
4 p— — —_—— e e £ 3
=4 H T OPTIMUM
g | '
| E———— —
$ s — .
™
»
z 650|—
<
H
—
T e e e o —.T
600t~ | | OPTIMUM
|
r 1
i
550 o :
20 40 80 80 100

HOLDING TIME 6

Fig. 2. The optimization of process | showing
the effect of the size of the constraint 8.
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the inversion of f,, is particularly sim-

ple and

( 09711‘1 0121/1 0’371 \‘
Ocyes  Bope,  Bages
0@1#2 0 zoYy2 0-“372
— 63111 8 zozy Qo
G N ( 0) bl
0’13/3 012“/3 0’784/3
Oure;  Bzszs  Grgey
0z1y4 49@21/4 9:31/4
L 011E1 Oazeo axai‘a J

where all the spectral densities are
formed from the data taken from the
process during its operation about the
N*™ steady state.

The constraints on the range of val-
idity of this linear model are

YN _Eé szu EYN _}_E

where
Ax,
8= Ax._}
AX,

is the vector whose elements are the
maximum allowable steps in the input
variables away from the N steady
state conditions.

The physical constraints on the sys-
temn are

_ﬁ — leu é_ﬁ’“

*

and
Y =wt
where
_ 0.6 143
T = |06] T*=|14],
¢ 0.6 1.4
0:e]
—_— ve]
,and w* = |
0.4

The vectors S* and §# in the maximum

problem are defined as

o Max [x," — Ax,, 0.6]‘\

S, = | Max [x." — Ax,, 0.6]
Max [x" — A%, O.6]J

{Min [x* + Ax,, 1.4]]
§#

Min [x," + Ax,, 1.4]
Min [ + Axs, 1.4]

The profit and cost vectors are

8? (10
P=110.0 = (1)'8
5.0 ‘

The linear profit function for the
process is defined as

P :Er ?ivu _'ET X =
7" G (0) — " T X + ()
The maximum problem to be solved

in order to select the best N-1°t
steady state input vector is
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Fig. 3. The optimization of process [, first
case, showing the variation of the mean output
variables.

Max [(PT Gy — CT) X 4 f(XN)]
XN+
subject to
_S_ik = X% é_s}

Cr(0) X =0 + Gy X* — Y7
This is a problem in three dimensional
linear programing, Its solution can be
relatively simple. The first set of con-
straints form a cube in the input vari-
able three space. The last constraint
defines a single plane; in reality the
vector w* constrains only %", The
maximum of the linear objective func-
tion must necessarily lie at an extreme
point of the set of constraints. There
are at most twelve extreme points in
this case. The optimum X** can be
determined simply by the direct com-
parison of the values of the profit func-
tion at each of these extreme points.
The spectral density ratios are obtained
from the data with the following finite
sum approximation:

3OS w07 ()

0’“’! kzo  l=o

H"'L“"i

¥ 1,023-k

2 22 (Iat) x; ((I+k)at)

kzo  1lzo

The input and output variables were
sampled every 0.01 # over a period of
approximately 10 holding times. The
data were then correlated to form the

matrix Gy(0), and the resulting maxi-
mum problem was solved. The solution
of this maximum problem yielded the
improved mean values of A°, B°, and
g.. The process was then changed to
this improved steady state, and ap-
proximately 3 holding times were al-
lowed for the transients to die out.
This sampling, correlating, and im-
proving sequence was then repeated
until the optimum conditions were
achieved. Figure 3 shows how the con-
centrations varied during the course of
the optimization.

The second optimization run is simi-
lar to the first run except a constraint
on the upper value of the output vari-
able y, was added. The process must
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operate at maximum proﬁt subject to
constraints on both the input and out-
put variables. Figure 4 shows how the
concentration responded to the suc-
cessive changes. The profit was in-
creased at each step also.

THE CORRELATION FUNCTIONS
AND SPECTRAL DENSITIES

Any practical optimization system
must obtain the information for opti-
mization in a relatively short time. In
the case of a digital system continuous
sampling of the process is impossible.
The optimization must be made from
information gained from a finite amount
of discrete data. The analysis of this
type of data is considered by Grenan-
der and Rosenblatt (4) and has been
applied to a problem similar to the
ones presently under consideration by
Homan and Tierey (5). These con-
tain methods for approximating the
correlation functions and the spectral
densities from sets of discrete data.

Let X.(¢) and X,(t) represent meas-
urements of two given process vari-
ables. These measurements are made
at discrete intervals of time over a
certain period of time. The functions
are defined only at integer multiples of
the sample period:

X.(1) {Xl(nAt)nr—O,l,z,...N
() =
undefined otherwise

where At is the sample period and Nat
is the total sample time. The correla-
tion function can be approximated by
a finite sum
bx.x, (kAt) =

I=N-k

_ A& SR (an) X, ((14K) A
v > o

where
=N

1
X (lat) = x(lat) _EE X (Iat)

i=o

The accuracy of this finite sum ap-
proximation depends on the amount
and nature of the data used. One test
of the validity of the finite sum ap-

osl-

D
o4f _ff__—

CONCENTRATION

02+

o o 20 30 40 50
HOLODING TIME €

Fig. 4. The optimization of process Il, second
case, showing the variation of the mean output
varigbles during the course of the run.

proximation is to compare the correla-
tion function estimate both in the
presence and absence of extraneous
random disturbances. If the two esti-
mates are approximately the same, the
finite sum approximation may be ade-
quate. Figures 5 and 6 show this com-
parison for the first process. A total of
1,024 pieces of data sampled every
0.01 holding times was used in these
estimates. The correlations are made
between the reactor temperatures T,
and T, and the concentration of the
final product B. Figure 7 compares
estimates of the correlation function
for the second process. A total of 1,024
pieces of data sampled every 0.01
holding times was used in making
these estimates.

Comparison of the correlation func-
tions in the presence and absence of
extraneous random disturbances indi-
cates that the finite sum estimates
resolve the data up to time displace-
ments of several holding times. After
that the estimate became wunreliable
because less data are used to make the
estimates for large time displacements.

It is convenient to compensate for
this lack of validity by introducing a
weighting function S(kat) (4, 5).

This weighting function gives more
weight in further calculations to the
more reliable correlation function esti-
mates. In many cases the validity of
the spectral density calculations is
quite dependent on the form of the
weighting function. A form that has
been found to be proper for problems

041
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- 1] g
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L
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Fig. 5. The correlation function for concentration and tem-
perature for process I.
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Fig. 6 The correlation function for temperature and concen-

tration for process L.

similar to the ones discussed here is
the truncated linear form.

This weighting function weights the
correlation estimate linearly up to the
point where the data are considered
worthless:

0,p<k<N

Beyond the displacement pat the esti-
mate is considered worthless, and its
weight is zero.

The weighted correlation function is
then

N-k

qSXng (kAt) bl N+1 im0

10, k>p
A finite sum approximation to the

spectral density function at zero argu-
ment is

e P N-k
At
e 2 12

X.(lat) X, ((I+k)at) (18)

In process I

p = 250 for cross correlations

p = 32 for auto correlations
In process II

p = 200 for cross correlations

p = 8 for auto correlations

In general the sample period should
be less than the lowest natural fre-
quency of the process.

The largest time displacement should
be at least as large as the time con-
stant of the process.

The total time over which data is
gathered must be many times the
maximum time displacement.

These generalizations have been ob-
tained through experience and should
be considered as rules of thumb for the
estimation of the minimum sampling
requirements.

DISCUSSION
It is difficult to make general state-
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ments about the applicability of the
iterative optimization method. Each
process presents unique difficulties
which may or may not limit the use
of the method. Continuous analysis of
complex chemical mixtures must be
made rapidly. Presently this presents a
great limitation in the use of the
method for the optimization of chemi-
cal reactors. These analytical problems
must be solved before the method can
be used extensively. The method re-
quires a large scale, high speed, digital
computer. The computers now com-
monly available are capable of opti-

At EZ(ZM) X ((I4+k)at), 0=k<p

mizing several small processes simul-
taneously on a time shared basis.

The role of the vector g, which con-
trols the convergence properties of the
method, is quite important. The best

B depends heavily on the response sur-
face of the process. More work must
be done, both theoretical and experi-
mental, on the characterization of the

exact role of B on many different
processes.

In large stage by stage processes,
dynamic programing principles reduce
the scale of the computations. These
methods are particularly well suited
to digital computation and hence can
be used in conjunction with the itera-
tive optimization method with ease.
The developments presented in this
work will, it is hoped, provide the
stimulus for and the foundation of the
work that must follow.

While the method described above
may not have general application, it is
thought that there will be applications
in the future. If a process has no natu-
ral noise, then noise of limited vari-
ance might be introduced through the
inputs. An improvement which might
be incorporated into the process is to

make use of the values of G(0) cal-

A.1.Ch.E. Journal
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Fig. 7. Correlation function for concentrations in process II.

culated at each step. As the method
now stands no use is made of past in-

formation on G(0).

A more serious problem is that of
the local representation of a nonlinear
process by a linear model and its use in
changing the process operation. This
problem cannot be discussed here ex-
cept to say that it is assumed that the
random changes involved are small
enough that linearity is valid locally.
Certainly for large random fluctuations
the estimate of the parameters in the
linear model may be in considerable
error.

NOTATION

A.B,C,D = chemical specie and con-
centrations of same

A,,B,,C,,.D, = influent concentrations

< = cost vector

¢t = specific heat of reactant mix-
ture

E = averaging operator

G(0) = transfer function matrix at
zero argument

G(w) = transfer function

L = inverse process operator

M = process operator

p = profit vector

P = profit or objective function

r(t) = random function

r.(t) = ith member of an ensemble
of random function

T = reactor temperature

T, = reactor influent temperature

T, = inlet heating medium tem-
perature

‘(j#,ﬁ*: bounds on constraints (in-
puts)

» = reactor volume

w = impulse response matrix

w,; = impulse response of jth out-
put to ith input

—15*,_# — bounds on constraints (out-
puts)

% == inputs

x = average input

X = Nth steady state input vec-

tor
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1

vector of random

inputs
about steady state

Y = vector of random outputs
about steady state

Ys = random output

y = average random output

Y = Nth steady state output vec-

tor

Greek Letters

B = vector of linear constraints
¢ = correlation matrix

o = autocorrelation function
by = cross-correlation function
8.0 = spectral density

8., = cross-spectral density

4 = spectral density matrix

4 = nominal reaction holding
time

ot = fluid density

Subscript

# = vector of lower bounds of

variable

Superscript

» = vector of upper bounds
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Gas Dynamic Processes Involving

Suspended Solids

Basic gas dynamic equotions involving suspended solid particles were formulated. Considera-
tions include momentum and heat transfer between the gaseous and solid phases. Significance
of these contributions was illustrated with the case of expansion through a de Laval nozzle.
Duct flow and normal shock problems were also discussed. The extent of earlier methods of

approximation was pointed out.

Many processes and devices involve
gas-solid suspension. A few of these
are pneumatic conveying, H-iron pro-
cess (direct reduction of iron ore),
nuclear reactor with gas-solid fuel
feeding and/or cooling, nuclear pro-
pulsion scheme where ablation of re-
actor is deliberately allowed for the
sake of high performance, and rockets
having part of the combustion product
in the solid phase. A fundamental study
on steady turbulent motion of gas-solid
suspension was reported earlier (I).
Where high speed is involved, such as
in some of the above examples, gas
dynamic aspects of gas-solid suspen-
sions become significant. The general
aspects of motion involve acceleration,
friction, heat transfer, and flow dis-
continuity. This study deals with one-
dimensional motion for the sake of
simplicity and develops some physical
understanding of the contribution of
interaction between the gas and the
solid particles. The effects of turbu-
lence will be accounted for with gen-
eralized parameters.

The basic equations of this study
will be applicable to the general prob-
lem of one dimensional steady motion
involving variation in flow area, an
insulated wall or a wall with arbitrary
distribution of temperature, friction,
and motion in supersonic or subsonic
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range. The latter is particularly inter-
esting in the present case because of
the dispersion and absorption of sound
by the solid particles. Therefore the
speed of sound, usually a thermody-
namic property, depends on the trans-
port of momentum and energy between
the two phases in the present case.
Since the gas dynamic nature of the
gas-solid suspension is most easily seen
in nozzle flow process, a nozzle is
taken as the major example; this is also
consistent with its significance in ap-
plications. Flow of a gas-solid suspen-
sion through a nozzle has been studied
by many, with various methods of ap-
proximation (2, 3, 4). The extent of
these approximations will be considered
here.

Because of the inertia of solid
particles a gas-solid suspension demon-
strates an interesting nature of relaxa-
tion. The case of the passage of a
gas-solid suspension through a shock
process is presented in this paper.

All numerical examples are based
on a mixture involving 0.3 Ib. of mag-
nesia per pound of air, although the
methods are applicable to mixtures of
any composition.

BASIC EQUATIONS AND SOLUTIONS

To formulate the basic equations
the following assumptions are made:

A.1.Ch.E. Journal
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1. There is steady one-dimensional
motion, and the effect of turbulence
enters only in characteristic parameters.

2. The solid particles are uniformly
distributed over each cross section,
although it is understood that they are
suspended by turbulence and inter-
actions exist between components.

3. The solid particles are uniform in
diameter and physical properties.
Variations again can be accounted for
with characteristic parameters in the
following.

4. The drag on the particles is
mainly due to differences between the
mean velocities of particles and stream.
It is expected that the minimum size
of solid particles consists of millions of
molecules each (even in the submicron
range). Hence the velocity of each
solid particle due to its thermal state
is extremely low. Slip flow, if it occurs,
again can be accounted for by an ap-
propriate characteristic parameter.

5. The heat transfer between the
gas and the solid is basically due to
their mean temperature difference.
Effect of fluctuation in temperature
will be accounted for by proper char-
acteristic parameters.

6. The volume occupied by the solid
particles is neglected; so is the gravity
effect.

7. The solid particles, owing to their
small size and high thermal conduc-
tivity (as compared with those of the
gas), are assumed to be at uniform
temperatures.
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